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S U M M A R Y
Tong has proposed an adjoint-state traveltime tomography method to determine velocity het-
erogeneity and azimuthal anisotropy. This method, however, ignores the Earth’s curvature
when deriving the eikonal equation for azimuthally anisotropic media. Thus, further coordi-
nate transformation or approximation is required to ensure the accuracy of traveltime prediction
in large-scale tomography. To address this problem, we derive the eikonal equation for az-
imuthally anisotropic media in spherical coordinates, which naturally considers the Earth’s
curvature. Another key ingredient is the forward modelling algorithm, whose accuracy and ef-
ficiency dominate the numerical error and computational cost of the inversion. In this study, we
apply a modified fast sweeping method to solve the eikonal equation in spherical coordinates.
Two approaches, including the third-order weighted essentially non-oscillatory approximation
and multiplicative factorization technique, are applied to improve the accuracy. According to
the numerical experiments, this new eikonal solver achieves a second-order accuracy and is
about two orders of magnitude more accurate than the commonly used first-order fast sweep-
ing method with similar runtime. Taking advantage of the two improvements, we develop
a novel eikonal equation-based adjoint-state traveltime tomography method for azimuthally
anisotropic media in spherical coordinates. This method is applicable for large-scale tomog-
raphy, and its performance is verified by a synthetic checkerboard test and a practical seismic
tomographic inversion in central California near Parkfield.

Key words: Inverse theory; Non-linear differential equations; Numerical solutions; Tomog-
raphy; Seismic anisotropy.

1 I N T RO D U C T I O N

Seismic anisotropy is an intrinsic property of elastic materials that describes the dependence of seismic wave speed on the propagation direction
(Long & Becker 2010). This property is widely observed in subsurface structures and has a comparable effect on traveltime observations to
velocity heterogeneity (Anderson 2007; Huang et al. 2015). Thus, it is necessary to incorporate seismic anisotropy into forward modelling
and tomographic inversion. Tong (2021) derives the eikonal equation-based adjoint-state traveltime tomography method for azimuthally
anisotropic media. This method avoids the potential failure of ray tracing techniques (Vidale 1988; Hole & Zelt 1995; Rawlinson et al. 2008)
and is much computationally cheaper than wave equation-based tomography methods (Luo & Schuster 1991; Tromp et al. 2005; Tong et al.
2014; Yuan et al. 2016; Chen et al. 2022). Therefore, it is capable of processing large volumes of seismic traveltime data and producing
reliable tomographic results. However, the method of Tong (2021) derives the eikonal equation for azimuthally anisotropic media in Cartesian
coordinates, assuming that the effect of Earth’s curvature is negligible. This inaccurate forward modelling may cause significant numerical
errors to predicted traveltimes for large-scale tomographic problems and thus introduce artefacts to the images.

To address this challenge, we develop a novel eikonal equation-based adjoint-state traveltime tomography method for azimuthally
anisotropic media in spherical coordinates. It includes two major improvements: First, we derive the eikonal equation for azimuthally
anisotropic media in spherical coordinates. This eikonal equation naturally takes into account the Earth’s curvature so that the traveltime
of the wave front in the Earth’s volume can be accurately described. Secondly, a modified fast sweeping method is developed to solve the
eikonal equation with second-order accuracy. As is well known, solving the eikonal equation with a point source condition suffers from
the point source singularity (Fomel et al. 2009; Luo & Qian 2011, 2012; Luo et al. 2014). The eikonal solution is not differentiable at the
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Figure 1. The illustration of the spherical coordinate system. (a) The point x = (r, θ, φ) in the Earth’s volume. The green plane is the tangent plane to the
sphere at x. (b) The tangent plane in the left-hand figure. The red arrow is the vertical (radial) direction. Blue arrows represent the north (θ ) and east (φ)
directions. In the assumption of azimuthally anisotropic media, the fast and slow velocity directions lie on the tangent plane, denoted by black and magenta
arrows, respectively.

source, causing all high-order finite-difference eikonal solvers (Zhang et al. 2006; Xiong et al. 2010) to exhibit only first-order accuracy
(Luo & Qian 2011). Such loss in order of accuracy often leads to high computational costs for large-scale tomographic problems, because
the forward grid must be fine enough to ensure numerical accuracy and avoid the contamination of inaccurate traveltime prediction. Many
approaches have been proposed to eliminate the point source singularity, such as the solution in celerity domain (Zhang et al. 2005), local
grid refinement (Kim & Cook 1999; Osher & Symes 2002), and solving factorized eikonal equations (Fomel et al. 2009; Luo & Qian 2012;
Luo et al. 2014). In this study, we apply the multiplicative factorization technique to the eikonal equation in spherical coordinates and solve
the factored eikonal equation instead, which avoids the point source singularity. Besides, the third-order weighted essentially non-oscillatory
(WENO) approximation scheme is used to discretize partial derivatives (Jiang & Shu 1996; Jiang & Peng 2000). These two approaches
generate a modified fast sweeping method, achieving a second-order accuracy. According to the experimental results, the new fast sweeping
method is about two orders of magnitude more accurate than the commonly used first-order fast sweeping method with similar runtime.
These improvements enable us to calculate predicted traveltimes and the sensitivity kernels of the objective function with respect to slowness
and anisotropic parameters with high accuracy. After obtaining the sensitivity kernels, we use the multiple-grid model parametrization (Tong
et al. 2019) and step-size controlled gradient descent method (Liu et al. 2019) to update model parameters. The performance of this new
adjoint-state traveltime tomography method is evaluated by a synthetic checkerboard test and a practical seismic tomographic inversion in
central California near Parkfield.

The rest of the paper is organized as follows. In Section 2, we propose the eikonal equation for azimuthally anisotropic media in spherical
coordinates. Besides, the sensitivity kernels of the objective function with respect to slowness and azimuthally anisotropic parameters are
derived by using the adjoint-state method. Section 3 introduces the modified fast sweeping method to solve the eikonal and adjoint equations.
This eikonal solver achieves a second-order accuracy by using the third-order WENO approximation and multiplicative factorization technique.
After that, several numerical experiments are conducted in Section 4 to evaluate the performance of the modified fast sweeping method and
verify the new adjoint-state traveltime tomography method. In Section 5, we invert traveltime data in central California near Parkfield using
our method to determine the subsurface velocity and azimuthal anisotropy. The consistency between our tomographic images and those of
previous studies indicates the effectiveness of our method. Finally, we conclude this paper in Section 6.

2 A D J O I N T - S TAT E T R AV E LT I M E T O M O G R A P H Y M E T H O D

2.1 Eikonal equation for azimuthally anisotropic media

We consider the traveltime T (x) of the wave front from a point source xs to every position x in an azimuthally anisotropic medium, which is
governed by the eikonal equation with a point source condition⎧⎨
⎩
√[∇T (x)

]t
M(x)∇T (x) = 1, x ∈ � \ {xs},

T (xs) = 0.

(1)

Here we consider the spherical coordinates x = (r, θ, φ). r is the distance to the Earth’s centre. θ and φ represent latitude and longi-
tude, respectively (see Fig. 1a). The partial derivatives of T(r, θ , φ) with respect to r, θ , φ are denoted as ∂ rT, ∂θ T, ∂φT. The gradient
∇T (x) = (∂r T, 1

r ∂θ T, 1
r cos θ

∂φT )t . � represents the Earth’s volume in the 3-D space R × � × � = [0, ∞) × [− 1
2 π, 1

2 π ] × [0, 2π ). Velocity
heterogeneity and azimuthal anisotropy are described by the symmetric positive definite matrix M(x) (Luo & Qian 2012; Tong 2021).

Next, we determine M(x). It has a decomposition of form

M(x) = c2
f (x) p(x) ⊗ p(x) + c2

s (x)q(x) ⊗ q(x) + c2
r (x)r(x) ⊗ r(x), (2)
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714 J. Chen et al .

in which p(x), q(x), r(x) are the unit eigenvectors of M(x), and c2
f (x), c2

s (x), c2
r (x) are corresponding eigenvalues. The symbol ⊗ indicates

the outer product operator. Physically, c f (x), cs(x) and cr (x) indicate the wave velocities along eigenvector directions.
In the assumption of azimuthally anisotropic media, both the fast and slow velocity directions are in the tangent plane to the sphere at

x (Fig. 1a, green plane). Correspondingly, the vertical direction is perpendicular to the tangent plane. Without loss of generality, we assume
that p(x), q(x) and r(x) are the fast velocity direction, the slow velocity direction and the vertical direction, respectively. It is assumed that
the fast velocity is greater than the slow velocity, that is c f (x) ≥ cs(x). And the velocity in the vertical direction, cr (x), is independent of the
fast velocity and slow velocity. We denote ψ (ψ + π

2 ) as the anticlockwise angle of the fast velocity direction (slow velocity direction) with
respect to the φ-axis (see Fig. 1b) so that the unit eigenvectors are given by

p(x) = (0, sin ψ(x), cos ψ(x)), q(x) = (0, cos ψ(x), − sin ψ(x)), r(x) = (1, 0, 0). (3)

Finally, we obtain the matrix

M(x) =

⎛
⎜⎜⎝

c2
r (x) 0 0

0
c2
s (x)+c2

f (x)

2 − c2
f (x)−c2

s (x)

2 cos 2ψ(x)
c2

f (x)−c2
s (x)

2 sin 2ψ(x)

0
c2

f (x)−c2
s (x)

2 sin 2ψ(x)
c2
s (x)+c2

f (x)

2 + c2
f (x)−c2

s (x)

2 cos 2ψ(x)

⎞
⎟⎟⎠. (4)

For simplicity of discussion, we define three functions s(x), ε(x) and ζ (x) as

s(x) =
√

2

c2
f (x) + c2

s (x)
, ε(x) = 1

2

c2
f (x) − c2

s (x)

c2
f (x) + c2

s (x)
, ζ (x) = c2

r (x)

c2
f (x) + c2

s (x)
− 1

2
, (5)

and introduce two auxiliary parameters

ξ (x) = ε(x) cos 2ψ(x), η(x) = ε(x) sin 2ψ(x). (6)

By plugging eqs (4)–(6) into eq. (1), we derive the eikonal equation for azimuthally anisotropic media in spherical coordinates⎧⎪⎨
⎪⎩
√(

1 + 2ζ (x)
)(

∂r T
)2 + 1 − 2ξ (x)

r 2
(∂θ T )2 + 1 + 2ξ (x)

r 2 cos2 θ
(∂φT )2 + 4η(x)

r 2 cos θ
∂θ T ∂φT = s(x), x ∈ � \ {xs},

T (xs) = 0.

(7)

This equation involves four model parameters (ζ (x), ξ (x), η(x), s(x)). Here s(x) represents the average horizontal slowness. ξ (x) and η(x)
are azimuthally anisotropic parameters that describe the magnitude ε(x) and the fast velocity direction ψ(x). The parameter ζ (x) is associated
with the wave speed cr (x) along the radial direction.

In practice, some studies make the assumption that ζ (x) = γ
√

ξ 2(x) + η2(x) (Eberhart-Phillips & Mark Henderson 2004; Zhao et al.
2016; Tong 2021). Particularly, if γ equals +1 or −1, then the vertical wave speed cr equals the fast velocity cf or slow velocity cs. cr is equal
to the azimuthal average of horizontal velocities when choosing γ as 0. Four model parameters (γ , ξ , η, s) should be determined. However,in
solving inverse problems, it is generally more challenging to determine four parameters than three. As reported by Eberhart-Phillips & Mark
Henderson (2004), the selection of γ has negligible influence on the inversion of velocity heterogeneity and azimuthal anisotropy but indeed
reduces the number of unknowns. Thus, we choose to fix γ = 0 in this study and only invert for s(x), ξ (x) and η(x).

Theoretically, singularities of eq. (7) may arise in two cases: (i) cosθ = 0 when θ = ±90◦ and (ii) r = 0 at the Earth’s centre. Alkhalifah
& Fomel (2001) suggest that adding a small constant to cosθ can eliminate numerical singularity in case (i). For the second case (ii), it is non-
trivial to remove the singularity at the Earth’s centre. However, considering that we hardly ever use seismic waves travelling so deep through
such a single point, this singular point can be simply excluded by choosing the study region as R × � × � = [ε, RE ] × [− 1

2 π, 1
2 π ] × [0, 2π ),

in which ε is a small constant. This trick can avoid the singularity at the Earth’s centre and has nearly no influence on the traveltime from
source to receiver.

2.2 The Fréchet gradient

The primary goal of traveltime tomography is to find optimal model parameters (s(x), ξ (x), η(x)) that minimize the discrepancy between ob-
served and predicted traveltimes. Mathematically, this inverse problem is formulated as a partial differential equation-constrained optimization
problem

min
s,ξ,η

χ (s, ξ, η) �
∑Ns

n=1

∑Nr
m=1

wn,m
2

[
Tn(xr,m) − T obs

n,m

]2
, (8)

subject to
√

[∇Tn(x)]t M(x; ξ, η)∇Tn(x) = s(x), x ∈ � \ {xs,n}, (9)

Tn(xs,n) = 0, ∀n = 1, 2, · · · , Ns, (10)
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M(x; ξ, η) =

⎛
⎜⎝1 + 2γ

√
ξ 2 + η2 0 0

0 1 − 2ξ 2η

0 2η 1 + 2ξ

⎞
⎟⎠. (11)

Here T obs
n,m is the observed traveltime originating from the nth source at xs,n = (rs,n, θs,n, φs,n) (n = 1, 2, ···, Ns) and recorded by the mth

receiver at xr,m = (rr,m, θr,m, φr,m) (m = 1, 2, ···, Nr). Tn(x) is the traveltime field originating from the nth source, satisfying the eikonal
eqs (9)–(11). The weight coefficient wn, m reflects the reliability of the traveltime data corresponding to the nth source and the mth receiver.

We assign small perturbations (δs(x), δξ (x), δη(x)) to model parameters, which cause a small perturbation δTn(x) to the traveltime field.
Accordingly, the perturbated eikonal equation writes

[∇(Tn + δTn)]t

⎛
⎜⎝1 + 2γ

√
(ξ + δξ )2 + (η + δη)2 0 0

0 1 − 2ξ − 2δξ 2η + 2δη

0 2η + 2δη 1 + 2ξ + 2δξ

⎞
⎟⎠[∇(Tn + δTn)] = (s + δs)2. (12)

Subtracting eq. (9) from eq. (12) and ignoring second and higher order terms, we obtain

[∇Tn]t M∇δTn = [∇Tn]t

⎛
⎜⎝

−γ (ξδξ+ηδη)√
ξ2+η2

0 0

0 δξ −δη

0 −δη −δξ

⎞
⎟⎠∇Tn + sδs. (13)

We multiply a test function Pn(x) on both sides of eq. (13) and integrate the Earth’s volume �

∫
�

Pn[∇Tn]t M∇δTndx =
∫

�

Pn[∇Tn]t

⎛
⎜⎝

−γ (ξδξ+ηδη)√
ξ2+η2

0 0

0 δξ −δη

0 −δη −δξ

⎞
⎟⎠∇Tndx +

∫
�

Pnsδsdx. (14)

The left-hand side of eq. (14) is

Ln =
∫

�

Pn[∇Tn]t M∇δTndx =
∫

�

∇ ·
(

Pn[∇Tn]t MδTn

)
dx −

∫
�

δTn∇ ·
[

Pn[∇Tn]t M
]
dx

=
∫

∂�

n ·
(

Pn[∇Tn]t MδTn

)
dσ +

∫
�

δTn∇ ·
(

Pn[−∇Tn]t M
)

dx. (15)

The right-hand side is splitted into three terms

Rn =
∫

�

(
Pns2

) δs

s
dx +

∫
�

Pn

(
−γ ξ (∂r Tn)2√

ξ 2 + η2
+ (∂θ Tn)2

r 2
− (∂φTn)2

r 2 cos2 θ

)
δξdx +

∫
�

Pn

(
−γ η(∂r Tn)2√

ξ 2 + η2
− 2∂θ Tn∂φTn

r 2 cos θ

)
δηdx. (16)

If Pn(x) satisfies the adjoint equation⎧⎪⎪⎨
⎪⎪⎩

∇ ·
(

Pn[−∇Tn]t M
)

=
Nr∑

m=1

wn,m

(
Tn(xr,m) − T obs

n,m

)
δ(x − xr,m),

Pn(x) = 0, x ∈ ∂�,

(17)

we can establish a relationship between eq. (15) and the perturbation δχ of the objective function by ignoring the second and higher order
terms

δχ =
Ns∑

n=1

Nr∑
m=1

wn,m

(
Tn(xr,m) − T obs

n,m

)
δTn(xr,m) =

Ns∑
n=1

∫
�

Nr∑
m=1

wn,m

(
Tn(xr,m) − T obs

n,m

)
δTn(x)δ(x − xr,m)dx

=
Ns∑

n=1

∫
�

δTn∇ ·
(

Pn[−∇Tn]t M
)

dx =
Ns∑

n=1

Ln . (18)

Eventually, combining eqs (16) and (18) yields an approximate linear relationship between the perturbation δχ of the objective function and
the perturbations (δs/s, δθ , δη) of model parameters, given by

δχ =
∫

�

Ks
δs

s
dx +

∫
�

Kξ δξdx +
∫

�

Kηδηdx, (19)

in which

Ks(x) = ∑Ns
n=1 Pn(x)s2(x), (20)

Kξ (x) = ∑Ns
n=1 Pn(x)

(
−γ ξ√
ξ2+η2

(∂r Tn)2 + 1
r2 (∂θ Tn)2 + −1

r2 cos2 θ
(∂φTn)2

)
, (21)

Kη(x) = ∑Ns
n=1 Pn(x)

(
−γ η√
ξ2+η2

(∂r Tn)2 + −2
r2 cos θ

∂θ Tn∂φTn

)
. (22)
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Here Ks(x), Kξ (x), Kη(x) are the Fréchet derivatives of the objective function with respect to the model parameters (ln s(x), θ (x), η(x)),
which are also called sensitivity kernels.

2.3 Model parametrization and optimization algorithm

We solve eikonal and adjoint equations to obtain the traveltime field T (x) and adjoint field P(x). These two fields are further combined to
generate the sensitivity kernels on the forward grid. In general, the forward grid should be dense enough to guarantee the necessary numerical
accuracy. However, it is unsuitable to discretize the perturbed model parameters on the forward grid directly, mainly because seismic data do
not have the resolving ability to determine model perturbations on each node of the dense forward grid. To cope with this problem, we apply
the multiple-grid model parametrization to discretize model perturbations (Tong et al. 2019).

First, we design H coarse grids and denote the nodes of the hth grid by (rh
i , θ h

j , φh
k ) (1 ≤ i ≤ N h

I , 1 ≤ j ≤ N h
J , 1 ≤ k ≤ N h

K , 1 ≤ h ≤ H ).
Each node is associated with a basis function

Bh
l (x) = Bh

l (r, θ, φ) = wh
i (r )wh

j (θ )wh
k (φ), l = (k − 1)N h

I N h
J + ( j − 1)N h

I + i, 1 ≤ l ≤ Lh = N h
I N h

J N h
K , (23)

where

wh
i (r ) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

r − rh
i−1

rh
i − rh

i−1

, if rh
1 ≤ rh

i−1 ≤ r ≤ rh
i ,

rh
i+1 − r

rh
i+1 − rh

i

, if rh
i ≤ r ≤ rh

i+1 ≤ rh
NI

,

0, otherwise,

(24)

and similarly for wh
j (θ ) and wh

k (φ). Then, we assume that the perturbations of model parameters are relatively smooth so that they can be
formulated as linear combinations of basis functions. By averaging the contributions from all coarse grids, the model perturbations are given
by

δs(x)

s(x)
= 1

H

H∑
h=1

Lh∑
l=1

δCh
l,s Bh

l (x), δξ (x) = 1

H

H∑
h=1

Lh∑
l=1

δCh
l,ξ Bh

l (x), δη(x) = 1

H

H∑
h=1

Lh∑
l=1

δCh
l,η Bh

l (x). (25)

Plugging eq. (25) into eq. (19) yields

δχ =
H∑

h=1

Lh∑
l=1

(
1

H

∫
�

Ks(x)Bh
l (x)dx

)
δCh

l,s +
H∑

h=1

Lh∑
l=1

(
1

H

∫
�

Kξ (x)Bh
l (x)dx

)
δCh

l,ξ +
H∑

h=1

Lh∑
l=1

(
1

H

∫
�

Kη(x)Bh
l (x)dx

)
δCh

l,η. (26)

It derives the Fréchet derivatives ∇Cχ of the objective function χ with respect to the auxiliary parameters C =
(C1

1,s, C1
1,ξ , C1

1,η, · · · , C1
L1,s, C1

L1,ξ , C1
L1,η, · · · , C H

L H ,s, C H
L H ,ξ , C H

L H ,η), which write

∂χ (s, ξ, η)

∂Ch
l,s

= 1

H

∫
�

Ks(x)Bh
l (x)dx,

∂χ (s, ξ, η)

∂Ch
l,ξ

= 1

H

∫
�

Kξ (x)Bh
l (x)dx,

∂χ (s, ξ, η)

∂Ch
l,η

= 1

H

∫
�

Kη(x)Bh
l (x)dx. (27)

eq. (27) gives new sensitivity kernels on coarse grids, which take a weighted average of original sensitivity kernels on the forward grid. Thus,
it has a smooth effect on sensitivity kernels and decreases the number of unknowns as compared to the number of nodes of the forward
grid. More importantly, instead of using only one grid, we design multiple grids to simultaneously update model parameters. It mitigates
potential errors caused by subjective grid selection. As a result, the stability of the inversion could be enhanced using the multiple-grid model
parametrization.

After calculating the Fréchet derivatives in eq. (27), we apply the step-size-controlled gradient descent method to update model parameters
(Tong 2021). It consists of two steps: First, auxiliary parameters on coarse grids are updated along the negative gradient direction with a
controlled step length α, that is, δC = −α∇Cχ . Secondly, the model parameters (s(x), ξ (x), η(x)) on the forward grid are updated by assigning
perturbations (δs(x), δξ (x), δη(x)) calculated by eq. (25). In this study, the step length α is chosen to make ‖δs(x)/s(x), δξ, δη‖∞ = 0.01 at
the beginning, which means the maximum model update at the first iteration is 1 per cent. The maximum model update will be reduced by 10
per cent when the value of the objective function increases in the immediately following iteration. This strategy can be regarded as choosing
a damping parameter to solve the optimization problem in an iterative fashion (Tong 2021).

3 T H E FA S T S W E E P I N G M E T H O D

One key ingredient of adjoint-state traveltime tomography is to calculate the traveltime field T (x) and adjoint field P(x) with high accuracy
and efficiency. These two fields are repeatedly calculated to obtain predicted traveltimes and sensitivity kernels. Numerical algorithms with
low order of accuracy require sufficiently fine grids to ensure numerical accuracy, which may lead to high computational costs especially for
large-scale tomographic problems.
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In this study, we calculate predicted traveltimes using the fast sweeping method. This grid-based finite-difference method origins from
the pioneering work of Vidale (1988), which solves the eikonal equation along an expanding square. Later, the post sweeping is applied
to address the causality issue caused by the expanding square formalism (Hole & Zelt 1995), and the accuracy and stability are enhanced
by using the essentially non-oscillatory (ENO) scheme (Shu & Osher 1988; Kim & Cook 1999). More recently, the fast sweeping method
uses monotone numerical Hamiltonian for numerical discretization and solves the resulting system using the Gauss–Seidel iterations with
alternative sweeping order, which becomes one of the most effective algorithms to solve eikonal equations (Tsai et al. 2003; Kao et al.
2004; Zhao 2005; Qian et al. 2007; Luo & Qian 2012; Waheed et al. 2015; Lan & Chen 2018; Zhang et al. 2021; Cui et al. 2021; Guo et
al. 2022). Importantly, this method is highly feasible for parallel computation (Zhao 2007; Detrixhe et al. 2013; Detrixhe & Gibou 2016).
However, the solution of the eikonal equation with a point source condition is not differentiable at the source. Directly solving the eikonal
equation always suffers from the point source singularity. Accordingly, at most first-order accuracy can be achieved even though high-order
numerical schemes are applied (Luo & Qian 2012; Luo et al. 2014). To address this problem, we use a modified fast sweeping method to
solve eikonal equations, in which the multiplicative factorization technique (Fomel et al. 2009; Luo & Qian 2012; Luo et al. 2014) and the
third-order WENO approximation (Jiang & Peng 2000; Zhang et al. 2006) are applied. This new method achieves a second-order accuracy
so that the traveltime field T (x) can be accurately calculated. Apart from that, the adjoint eq. (17) is also solved numerically using the fast
sweeping method designed by Leung & Qian (2006).

3.1 Multiplicative factorization technique

The traveltime field T (x) originating from the point source xs = (rs, θs, φs) satisfies the eikonal eq. (7). Because T (x) is not differentiable
at the source, directly solving the eikonal equation will cause relatively large numerical errors (Luo & Qian 2011, 2012; Luo et al. 2014).
Instead, we follow the idea proposed by Luo et al. (2014) and decompose T (x) into two multiplicative factors

T (x) = U (x)τ (x). (28)

Here U (x) is a known function that captures the source singularity. For instance, we can choose U (x) that converges to T (x) when the location
x tends to the point source xs , given by

U (x) = U (r, θ, φ) = s(xs)

[
(r − rs)2

1 + 2ζ (xs)
+ (1 + 2ξ (xs))r 2

s

1 − 4ξ 2(xs) − 4η2(xs)
(θ − θs)

2

+ (1 − 2ξ (xs))r 2
s cos2 θs

1 − 4ξ 2(xs) − 4η2(xs)
(φ − φs)

2 − 4η(xs)r 2
s cos θs

1 − 4ξ 2(xs) − 4η2(xs)
(θ − θs)(φ − φs)

]1/2

. (29)

Accordingly, the other factor τ (x) is smooth near the source, satisfying the factored eikonal equation⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

H f (τ, τr , τθ , τη) �

√√√√√√√
(1 + 2ζ )(Ur τ + τrU )2 + 1 − 2ξ

r 2
(Uθ τ + τθU )2 + 1 + 2ξ

r 2 cos2 θ
(Uφτ + τφU )2

+ 4η

r 2 cos θ
(Uθ τ + τθU )(Uφτ + τφU )

= s(x),

τ (xs) = 1,

(30)

in which (τ r, τ θ , τ η) and (Ur, Uθ , Uη) are partial derivatives of τ (x) and U (x) with respect to (r, θ , η), respectively. Rather than solving the
original eikonal equation, we choose to solve the factored eikonal eq. (30) so that the point source singularity is eliminated. According to
the experimental results presented in Section 4, the numerical solver has a second-order accuracy when calculating traveltime fields. In fact,
the eikonal solver can achieve third- or even higher-order accuracy if the factor U (x) is precisely designed to generate a high-order smooth
function τ (x) near the source (Luo et al. 2014). Analysis and discussion in detail are presented in Appendix A.

3.2 The third-order WENO-based Lax–Friedrichs fast sweeping method

The numerical eikonal solver consists of two key components: the accurate and stable local discretization scheme for the eikonal equation,
and the efficient method to solve this discretization system following the causality (Zhao 2005). Here we first discuss the local discretization
scheme. In general, there may exist multiple continuous solutions that satisfy the eikonal equations but are not differentiable everywhere
(Crandall & Lions 1983). Thus, we need to carefully design the local discretization scheme to obtain the unique viscosity solution consistent
with the physical observation (Crandall & Lions 1983). Rouy & Tourin (1992) prove that a stable, consistent and monotone numerical scheme,
such as the numerical Hamiltonian, could converge to the viscosity solution. Furthermore, the WENO scheme is proposed for approximating
Hamiltonian, which yields high order of accuracy and resolves the discontinuities of derivatives (Osher & Shu 1991; Jiang & Peng 2000).
Thus, we use the third-order WENO-based Lax–Friedrichs Hamiltonian as the local discretization scheme for the factored eikonal eq. (30)
(Zhang et al. 2006; Luo & Qian 2011; Luo et al. 2014).
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We denote u = τ r, v = τ θ and w = τ φ . The Lax–Friedrichs Hamiltonian (Crandall & Lions 1984) is

HL F (τ, u+, u−, v+, v−, w+, w−) = H f

(
τ,

u+ + u−

2
,

v+ + v−

2
,

w+ + w−

2

)
−
(

σr
u+ − u−

2
+ σθ

v+ − v−

2
+ σφ

w+ − w−

2

)
, (31)

where u±, v±, w± are the forward and backward difference approximations of τ r, τ θ and τ φ . Hf (τ , u, v, w) is already clarified in eq. (30).
σ r, σ θ , σ φ are artificial viscosities to ensure monotonicity property that the numerical Hamiltonian HLF is non-increasing in u+, v+, w+ and
non-decreasing in u−, v−, w− (Osher & Shu 1991; Kao et al. 2004). These parameters should satisfy

σr ≥ max
u∈[A,B],v∈[C,D]

w∈[E,F]

∣∣∣∣∂ H f

∂u
(τ, u, v, w)

∣∣∣∣ , σθ ≥ max
u∈[A,B],v∈[C,D]

w∈[E,F]

∣∣∣∣∂ H f

∂v
(τ, u, v, w)

∣∣∣∣ , σφ ≥ max
u∈[A,B],v∈[C,D]

w∈[E,F]

∣∣∣∣∂ H f

∂w
(τ, u, v, w)

∣∣∣∣ , (32)

in which [A, B], [C, D] and [E, F] are the respective value ranges for u±, v± and w± (Zhang et al. 2006). Particularly, for moderate azimuthal
anisotropies where 1 − 4ξ 2 − 4η2 ≥ 0, we can simply choose

σr = U (x)
√

1 + 2ζ , σθ = U (x)

√
1 − 2ξ

r 2
, σφ = U (x)

√
1 + 2ξ

r 2 cos2 θ
, (33)

to satisfy the monotonicity property (see analysis in Appendix B).
Now we consider the numerical Hamiltonian on a uniform grid with grid spacing of �r, �θ , �φ. At the grid node (ri, θ j, φk),

approximating Hf by HLF yields

si, j,k = [HL F ]i, j,k = [H f ]i, j,k −
(

σr

Dr+
i, j,k + Dr−

i, j,k

2�r
+ σθ

Dθ+
i, j,k + Dθ−

i, j,k

2�θ
+ σφ

Dφ+
i, j,k + Dφ−

i, j,k

2�φ

)
+
(

σr

�r
+ σθ

�θ
+ σφ

�φ

)
τi, j,k . (34)

in which

Dr+
i, j,k = τi, j,k + �r · u+

i, j,k, Dr−
i, j,k = τi, j,k − �r · u−

i, j,k,

Dθ+
i, j,k = τi, j,k + �θ · v+

i, j,k, Dθ−
i, j,k = τi, j,k − �θ · v−

i, j,k,

Dφ+
i, j,k = τi, j,k + �φ · w+

i, j,k, Dφ−
i, j,k = τi, j,k − �φ · w−

i, j,k,

[H f ]i, j,k = H f

(
τi, j,k,

u+
i, j,k + u−

i, j,k

2
,

v+
i, j,k + v−

i, j,k

2
,

w+
i, j,k + w−

i, j,k

2

)
.

(35)

Replacing τ i, j, k on the right hand side by τ new
i, j,k leads to the update formula

τ new
i, j,k =

(
1

σr
�r + σθ

�θ
+ σφ

�φ

)(
si, j,k − [H f ]i, j,k + σr

Dr+
i, j,k + Dr−

i, j,k

2�r
+ σθ

Dθ+
i, j,k + Dθ−

i, j,k

2�θ
+ σφ

Dφ+
i, j,k + Dφ−

i, j,k

2�φ

)
. (36)

The forward and backward partial derivatives u±
i, j,k in eq. (35) are approximated using the third-order WENO scheme (Jiang & Peng 2000;

Zhang et al. 2006), formulated by

u+
i, j,k = (1 − W+)

(
τi+1, j,k −τi−1, j,k

2�r

)
+ W+

(−3τi, j,k +4τi+1, j,k −τi+2, j,k

2�r

)
, (37)

u−
i, j,k = (1 − W−)

(
τi+1, j,k −τi−1, j,k

2�r

)
+ W−

(
3τi, j,k −4τi−1, j,k +τi−2, j,k

2�r

)
, (38)

in which

W+ = 1

1 + 2g2+
, g+ = ε + (τi, j,k − 2τi+1, j,k + τi+2, j,k)2

ε + (τi−1, j,k − 2τi, j,k + τi+1, j,k)2
, (39)

W− = 1

1 + 2g2−
, g− = ε + (τi, j,k − 2τi−1, j,k + τi−2, j,k)2

ε + (τi+1, j,k − 2τi, j,k + τi−1, j,k)2
. (40)

Here ε is chosen as 10−12 to avoid division by zero. Similar approximations are also made for v±
i, j,k and w±

i, j,k .
The second key component is to solve the discretized system, which is required to follow the causality along characteristics (Vidale

1988). In the fast sweeping method, the traveltime field is updated using the Gauss–Seidel iterations with alternating sweeping orders:

(1) i = 1 : NI , j = 1 : NJ , k = 1 : NK ; (2) i = 1 : NI , j = 1 : NJ , k = NK : 1;
(3) i = 1 : NI , j = NJ : 1, k = 1 : NK ; (4) i = 1 : NI , j = NJ : 1, k = NK : 1;
(5) i = NI : 1, j = 1 : NJ , k = 1 : NK ; (6) i = NI : 1, j = 1 : NJ , k = NK : 1;
(7) i = NI : 1, j = NJ : 1, k = 1 : NK ; (8) i = NI : 1, j = NJ : 1, k = NK : 1.

(41)

These eight sweeping orders represent eight groups of propagation directions in 3-D space, which cover all directions of characteristics.
Each characteristic is composed of several pieces that belong to one of the above groups. Thus, the traveltime information propagating alone
characteristics will be piecewise and simultaneously recovered by iteratively sweeping with the alternating order (Zhao 2005; Qian et al.
2007). The numerical algorithm of the fast sweeping method to solve the eikonal eq. (7) is presented below.

(i) Initialization: The multiplicative factor U (x) is given by eq. (29). We set the iteration step index k = 0, and the initial guess τ (0)(x) = 1.
The convergence threshold σ is selected as 10−5.
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(ii) Iteration: Let τ (x) = τ (k)(x). We sweep the whole computational domain by the Gauss–Seidel iterations with alternating sweeping
orders as in eq. (41). τ new

i, j,k is calculated at each grid node xi, j,k in the following four cases:

(i) Case 1. If xi, j,k is a neighbour of the point source xs , that is, |ri −rs |
�r ,

|θ j −θs |
�θ

,
|φk −φs |

�φ
≤ 2, let τ new

i, j,k = 1.
(ii) Case 2. If xi, j,k is on the computational boundary, we calculate τ new

i, j,k with linear extrapolation (Kao et al. 2004), given by

τ new
1, j,k = min(max(2τ2, j,k − τ3, j,k, τ3, j,k), τ1, j,k), τ new

NI , j,k = min(max(2τNI −1, j,k − τNI −2, j,k, τNI −2, j,k), τNI , j,k),
τ new

i,1,k = min(max(2τi,2,k − τi,3,k, τi,3,k), τi,1,k), τ new
i,NJ ,k = min(max(2τi,NJ −1,k − τi,NJ −2,k, τi,NJ −2,k), τi,NJ ,k),

τ new
i, j,1 = min(max(2τi, j,2 − τi, j,3, τi, j,3), τi, j,1), τ new

i, j,NK
= min(max(2τi, j,NK −1 − τi, j,NK −2, τi, j,NK −2), τi, j,NK ).

(42)

(iii) Case 3. If xi, j,k is adjacent to the computational boundary, we replace the third-order WENO approximation with the first-order
scheme:

u−
2, j,k = 1

�r (τ2, j,k − τ1, j,k), u+
NI −1, j,k = 1

�r (τNI , j,k − τNI −1, j,k),
v−

i,2,k = 1
�θ

(τi,2,k − τi,1,k), v+
i,NJ −1,k = 1

�θ
(τi,NJ ,k − τi,NJ −1,k),

w−
i, j,2 = 1

�φ
(τi, j,2 − τi, j,1), w+

i, j,NK −1 = 1
�φ

(τi, j,NK − τi, j,NK −1).
(43)

Then, calculate τ new
i, j,k according to eq. (36).

(iv) Case 4. Otherwise, calculate τ new
i, j,k according to eq. (36).

(iii) Convergence: If the change of τ (x) between two iteration steps is smaller than the threshold σ , that is, ‖τ new(x) − τ (x)‖1 < σ , we
terminate the iteration and output the traveltime field T (x) = U (x)τ new(x). Otherwise, let k = k + 1, τ (k)(x) = τ new(x) and return to Step
‘Iteration’.

As summarized above, we calculate the traveltime field near the computational boundary using the first-order approximation. As a result,
only moderate accuracy can be achieved near the computational boundary (Zhang et al. 2006). In practical application, we usually extend the
computational domain to make sources and receivers far from the computational boundary. The traveltimes from sources to receivers, thus,
can be obtained with high accuracy.

3.3 The fast sweeping method for the adjoint equation

We follow the same idea proposed by Leung & Qian (2006) to discretize the adjoint equation in the conservation form. The coefficient matrix
of this resulting linear system is irreducibly diagonally dominant (Leung & Qian 2006). Thus, it will converge to the solution by using the
Gauss–Seidel iteration. Detailed discretize formulations are given below.

The adjoint eq. (17) is specified as

∂r (aPn) + ∂θ (bPn) + ∂φ(cPn) =
Nr∑

m=1

wn,m

(
Tn(xr,m) − T obs

n,m

)
δ(x − xr,m), (44)

in which

a = −(1 + 2ζ )∂r Tn(x), b = − 1 − 2ξ

r 2
∂θ Tn − 2η

r 2 cos θ
∂φTn, c = − 1 + 2ξ

r 2 cos2 θ
∂φTn − 2η

r 2 cos θ
∂θ Tn . (45)

This equation can be numerically solved by using a modified fast sweeping method (Leung & Qian 2006) whose update formula is

[Pn]new
i, j,k = 1

a+
i+1/2, j,k −a−

i−1/2, j,k

�r + b+
i, j+1/2,k −b−

i, j−1/2,k

�θ
+ c+

i, j,k+1/2−c−
i, j,k−1/2

�φ(
a+

i−1/2, j,k[Pn]i−1, j,k − a−
i+1/2, j,k[Pn]i+1, j,k

�r
+ b+

i, j−1/2,k[Pn]i, j−1,k − b−
i, j+1/2,k[Pn]i, j+1,k

�θ

+ c+
i, j,k−1/2[Pn]i, j,k−1 − c−

i, j,k+1/2[Pn]i, j,k+1

�φ
+

Nr∑
m=1

wn,m

(
Tn(xr,m) − T obs

n,m

)
δi, j,k(xr,m)

)
. (46)

Here we have

a±
i−1/2, j,k = ai−1/2, j,k ± |ai−1/2, j,k |

2
, b±

i, j−1/2,k = bi, j−1/2,k ± |bi, j−1/2,k |
2

, c±
i, j,k−1/2 = ci, j,k−1/2 ± |ci, j,k−1/2|

2
, (47)

a±
i+1/2, j,k = ai+1/2, j,k ± |ai+1/2, j,k |

2
, b±

i, j+1/2,k = bi, j+1/2,k ± |bi, j+1/2,k |
2

, c±
i, j,k+1/2 = ci, j,k+1/2 ± |ci, j,k+1/2|

2
, (48)

in which the central difference scheme is used to approximate the coefficients ai − 1/2, j, k, bi, j − 1/2, k, ci, j, k − 1/2 as

ai−1/2, j,k = −(1 + ζi−1, j,k + ζi, j,k)
[Tn ]i, j,k −[Tn ]i−1, j,k

�r , (49)
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bi, j−1/2,k = − 1 − ξi, j−1,k − ξi, j,k

r 2
i

(
[Tn]i, j,k − [Tn]i, j−1,k

�θ

)

−ηi, j−1,k + ηi, j,k

r 2
i cos θ j−1/2

(
[Tn]i, j,k+1 − [Tn]i, j,k−1 + [Tn]i, j−1,k+1 − [Tn]i, j−1,k−1

4�φ

)
, (50)

ci, j,k−1/2 = − 1 + ξi, j,k−1 + ξi, j,k

r 2
i cos2 θ j

(
[Tn]i, j,k − [Tn]i, j,k−1

�φ

)

−ηi, j,k−1 + ηi, j,k

r 2
i cos θ j

(
[Tn]i, j+1,k−1 − [Tn]i, j−1,k−1 + [Tn]i, j+1,k − [Tn]i, j−1,k

4�θ

)
. (51)

ai + 1/2, j, k can be calculated by setting i as i + 1 in eq. (49), and similarly for bi, j + 1/2, k and ci, j, k + 1/2. In addition, the delta function is discretized
by

δi, j,k(xr,m) = wi (rr,m)w j (θr,m)wk(φr,m)

�r�θ�φ
, (52)

in which wi(r) satisfies

wi (r ) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

r − ri−1

ri − ri−1
, if r1 ≤ ri−1 ≤ r ≤ ri ,

ri+1 − r

ri+1 − ri
, if ri ≤ r ≤ rr+1 ≤ rNI ,

0, otherwise,

(53)

and similarly for wj(θ ) and wk(φ).
Here, we summarize the numerical algorithm of the fast sweeping method to solve the adjoint eq. (17).

(i) Initialization: We set the iteration step index k = 0, and the initial guess P (0)
n (x) = 0. The convergence threshold σ is selected as 10−5.

(ii) Iteration: Let Pn(x) = P (k)
n (x). We sweep the whole computational domain by the Gauss–Seidel iterations with alternating sweeping

orders as in eq. (41). [Pn]new
i, j,k is calculated at each grid node xi, j,k in the following two cases:

(a) If xi, j,k is on the computational boundary, let [Pn]new
i, j,k = 0 to satisfy the boundary condition in eq. (17).

(b) Otherwise, calculate [Pn]new
i, j,k according to eq. (46).

(iii) Convergence: If the change of Pn(x) between two iteration steps is smaller than the threshold σ , that is,
∥∥Pnew

n (x) − Pn(x)
∥∥

1
< σ ,

we terminate the iteration and output the adjoint field Pnew
n (x). Otherwise, let k = k + 1, P (k)

n (x) = Pnew
n (x) and return to Step ‘Iteration’.

4 N U M E R I C A L E X P E R I M E N T S

4.1 Forward modelling

We conduct two numerical experiments to evaluate the new fast sweeping method (FSM). The parameter setting is designed for the purpose of
performance evaluation, which may differs from the actual earth model. The calculated traveltime fields are compared with analytic solutions
in isotropic and anisotropic media. The results generated by the first-order fast sweeping method (first-order FSM) are also presented for
comparison.

4.1.1 Example 1. 3-D isotropic media

Consider a bounded domain R × � × � = [5900 km, 6400 km] × [30◦, 50◦] × [15◦, 40◦]. The point source xs = (rs, θs, φs) =
(6150 km, 40◦, 27.5◦) is located at the centre of the domain. The slowness s(x) is given by

1

s(x)
= 7.0 + g · d(x) (54)

where

g = (−1.36 × 10−3, −7.08 × 10−4, −1.29 × 10−3), (55)

d(x) = (r cos θ cos φ − rs cos θs cos φs, r cos θ sin φ − rs cos θs sin φs, r sin θ − rs sin θs). (56)

Fig. 2(a) depicts the velocity model c(x) = 1/s(x), which resembles the wave velocity in the Earth’s volume that increases with depth.
Besides, the anisotropic parameters ξ (x) and η(x) are zero in this isotropic model. Based on this parameter setting, the analytic solution of
the eikonal equation writes

Tana(x) = 1

‖g‖2

arccosh

(
1 + 1

2
s(x)s(xs) ‖g‖2

2 ‖d(x)‖2
2

)
, (57)
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Figure 2. Illustration of the velocity model and traveltime field in Example 4.1.1. (a) The 3-D velocity model c(x) = 1
s(x) . (b) The 3-D true traveltime field

Tana(x). (c) The horizontal and vertical sections of Tana(x) crossing the point source xs .

Figure 3. The horizontal and vertical sections crossing the point source (black star) of the traveltime field calculated on a mesh of 120 × 120 × 120 gridpoints
for Example 4.1.1, which correspond to the profiles in Fig. 2(c). Black and yellow dashed lines are the contours of the analytic solution Tana(x) and the
result generated by the new FSM, respectively. Solid blue lines represent the contours of the result obtained using the first-order FSM. Left-hand top panel:
the horizontal section at r = 6150 km. The white dashed lines are the location of vertical sections; Left-hand bottom panel: the vertical section at θ = 40◦;
Right-hand top panel: the vertical section at φ = 27.5◦, ‘0’ and ‘400’ in the vertical axis correspond to r = 6371 km and r = 5971 km.

in which

arccosh(z) = ln(z +
√

z2 − 1), z ≥ 1. (58)

Fig. 2(b) shows the traveltime field in the computational domain, and Fig. 2(c) plots the 2-D profiles crossing the point source.
We illustrate the solutions of the eikonal equation in horizontal and vertical sections crossing the point source in Fig. 3 and also plot the

traveltime errors in Fig. S1. The traveltime field generated by the new FSM (dashed yellow lines) is almost the same as the analytic solution
(dashed black lines). Since the point source singularity is eliminated and the third-order WENO scheme is applied, traveltime errors inside
the computational domain are negligible and smaller than the moderate errors near the boundary, where only first-order approximation is
adopted (Fig. S1a). Fortunately, the greater errors near the boundary do not affect the accuracy in the interior of the computational domain
(see Remark 8 in Zhang et al. 2006). By contrast, a prominent gap exists between the analytic solution and the result obtained using the
first-order FSM (solid blue lines). The traveltime error accumulates dramatically near the source resulting from the point source singularity
and keeps increasing with the distance away from the source due to numerical approximation (Fig. S1b). Table 1 gives the L1 traveltime error,
the order of accuracy, and computing time of each of the first-order and new FSM. Here the L1 error is the mean value of the traveltime
differences between numerical solution and analytic solution in the domain [5915 km, 6385 km] × [30.5◦, 49.5◦] × [15.5◦, 39.5◦]. The order
of accuracy at the ith row is calculated by

order = ln(errori /errori−1)

ln(hi /hi−1)
, (59)
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Table 1. The numerical error and runtime of the first-order FSM and the new FSM for Example 4.1.1.

First-order FSM New FSM

Mesh L1 error (s) Order of accuracy Computing time (s) L1 error (s) Order of accuracy Computing time (s)

40 × 40 × 40 1.34 E+1 - 0.92 5.08 E-2 - 2.33
60 × 60 × 60 1.02 E+1 0.6613 6.98 2.02 E-2 2.2770 15.34
80 × 80 × 80 8.44 E+0 0.6699 24.12 1.22 E-2 1.7606 70.02
120 × 120 × 120 6.29 E+0 0.7222 131.11 5.37 E-3 2.0165 417.75
160 × 160 × 160 5.08 E+0 0.7482 551.58 3.02 E-3 2.0000 1599.39

Figure 4. Illustration of the velocity model and traveltime field in Example 4.1.2. (a) The 3-D velocity model c(x) = 1
s(x) . (b) The 3-D true traveltime field

Tana(x). (c) The horizontal and vertical sections of Tana(x) crossing the point source xs .

in which errori and hi are the L1 traveltime error and grid spacing at the ith row, respectively. According to this table, the first-order FSM
only has a polluted first-order accuracy due to the point source singularity. In comparison, the new FSM achieves a second-order accuracy
since the third-order WENO approximation and multiplicative factorization technique are used. The L1 traveltime errors presented in Table 1
suggest that the new FSM is about three orders of magnitude more accurate than the first-order FSM with similar runtime. As a result, we
can conclude that using the new FSM to calculate traveltime fields could be a better choice.

4.1.2 Example 2. 3-D anisotropic media.

We set a bounded domain R × � × � = [5900 km, 6400 km] × [30◦, 50◦] × [15◦, 40◦]. The point source xs = (rs, θs, φs) =
(6150 km, 40◦, 27.5◦) is located at the centre of the domain. Let us consider the traveltime field in the medium with strong azimuthal
anisotropy. The eikonal equation writes⎧⎪⎪⎨
⎪⎪⎩

√
e2W (∂r T )2 + e2W

r 2
s

(∂θ T )2 + 2e2W

r 2
s

(∂φT )2 − 2e2W

r 2
s

(∂θ T )(∂φT ) = s, x ∈ � \ {xs},

T (xs) = 0,

(60)

in which

W = 1

1000

√
(r − rs)2 + 2r 2

s (θ − θs)2 + r 2
s (φ − φs)2 + 2r 2

s (θ − θs)(φ − φs), s = 0.2. (61)

Then, the analytic solution can be given by

Tana(r, θ, φ) = 200 × (1 − exp(−W )). (62)

Though the wave speed is a constant (Fig. 4a), the wave propagation shows a preferred direction due to the azimuthal anisotropy (see Figs 4b
and c).

Similar to Example 4.1.1, we plot the solutions of the eikonal equation in horizontal and vertical sections crossing the point source in
Fig. 5. The analytic solution (dashed black lines) coincides with the traveltime field generated by the new FSM (dashed yellow lines) but is far
from the result obtained by using the first-order FSM (solid blue lines). According to Table 2, we can also find that the new FSM captures the
strong anisotropy and achieves a second-order accuracy. However, the first-order FSM only has a polluted first-order accuracy. Furthermore,
the new FSM is about two orders of magnitude more accurate than the first-order FSM with similar runtime. Thus, we can draw the same
conclusion as Example 4.1.1.
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Figure 5. The horizontal and vertical sections crossing the point source (black star) of the traveltime field calculated on a mesh of 120 × 120 × 120 gridpoints
for Example 4.1.2, which correspond to the profiles in Fig. 4(c). Black and yellow dashed lines are the contours of the analytic solution Tana(x) and the
result generated by the new FSM, respectively. Solid blue lines represent the contours of the result obtained using the first-order FSM. Left-hand top panel:
the horizontal section at r = 6150 km. The white dashed lines are the location of vertical sections; Left-hand bottom panel: the vertical section at θ = 40◦;
Right-hand top panel: the vertical section at φ = 27.5◦, ‘0’ and ‘400’ in the vertical axis correspond to r = 6371 km and r = 5971 km.

Table 2. The numerical error and runtime of the first-order FSM and the new FSM for azimuthally anisotropic media in Example 4.1.2.

First-order FSM New FSM

Mesh L1 error (s) Order of accuracy Computing time (s) L1 error (s) Order of accuracy Computing time (s)

40 × 40 × 40 9.39 E+0 - 2.14 5.68 E-1 - 3.73
60 × 60 × 60 8.22 E+0 0.3282 14.98 2.64 E-1 1.8849 21.75
80 × 80 × 80 7.33 E+0 0.3976 49.70 1.58 E-1 1.8011 98.75
120 × 120 × 120 6.04 E+0 0.4753 295.36 7.28 E-2 1.9043 609.89
160 × 160 × 160 5.16 E+0 0.5466 1160.28 4.09 E-2 2.0039 2283.38

4.2 Synthetic checkerboard test

We perform a synthetic checkerboard test to evaluate the performance of the adjoint-state traveltime tomography method for azimuthally
anisotropic media in spherical coordinates.

4.2.1 Example 3. 3-D synthetic checkerboard test

Consider the study region ranging from 30◦N to 50◦N in latitude and from 15◦E to 40◦E in longitude. The surface is at r = 6371 km. The
initial velocity model c(x) = 1

s(x) is formulated by

c(x) = 1

s(r, θ, φ)
=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

5.8 + (6371 − r )/20 ∗ 0.7 km/s if 6351 km ≤ r
6.5 + (6351 − r )/15 ∗ 0.6 km/s if 6336 km ≤ r < 6351 km,

8.0 + (6336 − r )/375 ∗ 0.1 km/s if 5961 km ≤ r < 6336 km,

9.0 km/s if r < 5961 km.

(63)

This velocity model is modified from the AK135 global reference model (Kennett et al. 1995), including two crustal layers and a mantle
layer. The Moho discontinuity is located at 35 km depth with a moderate velocity jump from 7.1 to 8.0 km s–1, (see Figs 6a and b) The
anisotropic parameters ξ (x) and η(x) are set 0 in the initial model. Furthermore, the checkerboard model is constructed by assigning velocity
and anisotropic perturbations to the initial model, that is, (s(x) + �s(x), �η(x), �ξ (x)). The pertubations are

�s(x)

s(x)
= − 4% · σ (x)

1 + 4% · σ (x)
, �ξ (x) = 3% · |σ (x)| · cos(2ψ(x)), �η(x) = 3% · |σ (x)| · sin(2ψ(x)), (64)

in which

σ (x) =
{

sin
(

θ−30◦
50◦−30◦ · 4π

)
sin
(

φ−15◦
40◦−15◦ · 4π

)
sin
(

r−6211
6371−6211 · 2π

)
, if 6211 km < r < 6371 km,

0, otherwise,
(65)
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724 J. Chen et al .

Figure 6. Illustration of the parameter setting in Example 4.2.1. (a) The vertical profile of the initial model. (b) The velocity with respect to the depth of
the initial model. (c) The distribution of earthquakes and stations. Stars represent earthquakes, colour-coded by depth. Stations are denoted by red inverted
triangles.

ψ(x) =
{

150◦, if σ (x) > 0,

60◦, if σ (x) ≤ 0.
(66)

Fig. 7 illustrates the checkerboard model in horizontal and vertical sections. We aim to recover it starting with the initial model.
There are 60 seismic stations randomly distributed on the surface. Meanwhile, 500 earthquakes are set in the upper and middle crust,

randomly located in the domain of [1 km, 20 km] × [30◦, 50◦] × [15◦, 40◦]. Fig. 6(c) shows the distribution of seismic stations and earthquakes.
In the synthetic checkerboard test, the observed traveltime data are calculated using the new FSM method in the checkerboard model. It is
worth noting that we can regard stations as sources and earthquakes as receivers in the inversion by using the reciprocity principle (Aki &
Richards 2002). This trick makes the computational cost of our method nearly independent of the number of earthquakes, which can lighten
the computational burden especially for regional or large-scale tomography using hundreds of stations and tens of thousands of earthquakes.

Fig. 8 plots the individual kernels corresponding to one station and four earthquakes, which have finite widths due to the grid smoothing
when solving the adjoint equation on a mesh with finite grid intervals. Theoretically, the individual sensitivity kernel should be a curve with
infinitesimal width, representing the transportation of traveltime misfit Tn(xr,m) − T obs

n,m backward from the receiver to the source along the
negative gradient direction of the traveltime field. Five inversion grids, placed in a staggered way along the diagonal direction, are designed
to discretize model parameters (see Fig. S2). We perform 100 iterations and plot the misfit reduction curve and misfit distribution in Fig. S3.
The objective function that measures the traveltime misfits of 30 000 source–receiver pairs sharply decreases at the beginning and experiences
oscillation until the 40th iteration. The misfit reduction indicates the model convergence to a minimum, and the oscillation possibly results
from the model update with moderate step lengths near the minimum. After that, with the dynamic step length decreasing, the inversion
and objective function become steady, generating the final output model shown in Fig. 9. During the 100 iterations, the objective function
decreases from 34 002 s2 to 72 s2, which suggests a perfect data fit. The velocity and anisotropy perturbations from 0 to 80 km depth are
well recovered (Fig. 9). It suggests that this adjoint-state traveltime tomography method is capable of illuminating the azimuthally anisotropic
media in the crust and uppermost mantle. However, from 80 to 160 km depth, only the velocity and azimuthal anisotropy associated with
high-velocity blocks are satisfactorily recovered, while the low-velocity anomalies and corresponding anisotropies are not fully resolved.

The poor resolution for the low-velocity anomalies below 80 km depth may result from the less sensitivity of traveltimes to these regions
because seismic waves prefer to travel through high-velocity regions. With the synthetic model converging to the checkerboard, more waves
concentrate on high-velocity regions (Fig. S4). Thus, the high-velocity perturbations are well recovered. By contrast, fewer and fewer first
seismic arrivals cross the low-velocity zones (Fig. S4). It implies that the low-velocity anomalies below 80 km depth has less effect on the
objective function. As a result, low-velocity bodies are not adequately constrained and exhibit as low amplitude perturbations.

To evaluate the influence of picking errors on the imaging result, we perform the synthetic checkerboard test again with the same
parameter setting but assign random deviations obeying the Gaussian distribution with mean 0 s and standard deviation 0.05 s to the
‘observed’ traveltimes (Fig. S5a). Adding the data noise mimics the realistic traveltime picking errors. The inversion result is almost the same
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ATT for azimuthally anosotropic media 725

Figure 7. Horizontal and vertical sections of the checkerboard model. (a) The horizontal sections of the perturbation model of velocity �c/c and anisotropic
parameters �ξ and �η. Small solid lines in the first column align with the fast velocity directions, but are only shown when the magnitude of azimuthal
anisotropy is greater than 0.005. (b) The vertical sections of the velocity perturbation model at different latitudes.

as the result of the checkerboard test without noise (Fig. S6). The main difference is the traveltime misfits computed in the final output model
(Figs S5b and S5c), whose standard deviation (0.068 s) is slightly greater than the standard deviation (0.049 s) of the misfits without noise.
This synthetic test may suggest that the large volume of data can efficiently mitigate the influence caused by traveltime picking errors.

5 A P P L I C AT I O N I N C E N T R A L C A L I F O R N I A N E A R PA R K F I E L D

5.1 Background and motivation

The main purpose of the present practical tomographic inversion is to benchmark the performance of our tomography method in spherical
coordinates against with its counterpart in Cartesian coordinates. Same as Tong (2021), we choose the region of central California near
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Figure 8. Horizontal and vertical sections of the sensitivity kernel of the objective function with respect to slowness and azimuthally anisotropic parameters.
(a) The horizontal section of the sensitivity kernel corresponding to one station (red inverted triangle) and four earthquakes (black stars). (b) The vertical
sections of individual kernels from the earthquake to the station. The locations of profiles are denoted by dashed lines in Fig. 8(a). In the horizontal axis, one
great-circle degree equals 111.12 km.

Parkfield as the test field, where pervasive crustal azimuthal anisotropy and strong high- and low-velocity anomalies are widely observed.
As an important feature in this region, the San Andreas Fault (SAF) separates the northeastern Franciscan Complex from the southeastern
Salinian terrane (Audet 2015), and is also regarded as the boundary between the oceanic Pacific Plate and the North American Plate (Porter
et al. 2011). According to the surface creeping rate, the SAF is divided into three segments: the creeping part in the northwest, the locked
section in the southeast, and the Parkfield segment as the transition in between (Titus et al. 2006; Ozacar & Zandt 2009). During the past

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/234/1/712/7068084 by N

anyang Technological U
niversity user on 24 M

arch 2023
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Figure 9. Horizontal and vertical sections of the inversion result of checkerboard test in Example 4.2.1 without data noise. All symbols are the same as Fig. 7.

forty years, quantities of earthquakes are recorded by the seismic stations in this region. These massive seismic data enable the illumination
of crustal azimuthal anisotropy near the SAF (Audet 2015; Ozacar & Zandt 2009; Porter et al. 2011; Boness & Zoback 2006; Yang et al.
2011) and the strong velocity contrast laterally across the SAF (Eberhart-Phillips & Michael 1993; Thurber et al. 2006; Zeng et al. 2016;
Lippoldt et al. 2017). In this study, we invert first P-wave traveltimes to determine the anisotropic velocity structure in central California near
Parkfield, which can verify our method and also provide constraints on crustal azimuthal anisotropy from P waves.
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